last two sections is the generalized w-invariant of Elman and Lam (see e.g.
[4]) and not the one discussed in [15] .
The set of all F-Pfister forms is denoted by P(F) and P n (F) denotes the set of w-fold jF-Pfister forms. The set of forms over F similar to F-Pfister forms [tf-fold F-Pfister forms] is denoted by GP(F) [resp. GP n {F)\. If p E GP(F) is anisotropic and φ < p then φ is a Pfister neighbor if 2 dim φ > dim p and a conjugate neighbor if 2 dim φ = dim p.
We use the terms conservative and embeddable forms as defined by Gentile and Shapiro. Namely, a form q is conservative if W(F(q)/F) φ 0, or equivalently, if q ® L is anisotropic for every field extension L/F with W{L/F) -0. A form q is embeddable if it is similar to a subform of an anisotropic Pfister form.
Following Elman, Lam and Wadsworth, for a subset N C N and 2ί an ideal of WF we say 21 is an N-Pfister ideal of 21 is generated by r-fold Pfister forms, r E N. 2ί is a strong N-Pfister ideal if each q E 2ί is isometric to a sum of scalar multiples of r-f old Pfister forms in 21, r E N. We write «-Pfister for {n}-Pfister.
Let X F denote the set of orderings on the field F and topologize X F by taking as an open subbasis the Harrison sets:
where a ranges over F. A form q is indefinite at a E X F if | sgn α q \ < dim q and indefinite if q is indefinite at all a E X F . The Hasse number of F is:
ύ(F) = max (dim q | q anisotropic and indefinite over F)
if the maximum exists, otherwise ύ(F) -oo. Knebusch's important paper [13] will be used extensively and notation and terminology not found in [15] or mentioned above will be taken from it. In particular, we use the degree of a form q. As shown in [13] , for q φ 0 the min{dim(ker(<3f ® K)) \ K/F such that q ® K φ 0} is a 2-power 2 d . The degree of q is d (if q = 0, the degree of q is oo). We also use the ideal J n F = {q E J*T| deg q > n).
Witt kernels and strong Pfister ideals.
The following basic results will be used frequently:
(a) If φ is a neighbor to the /7-fold Pfister form p, then W(F(φ)/F) is a strong w-Pfister ideal ( [5, 1.4] ).
(b) (Cassels-Pfister theorem.) Let q and φ be anisotropic forms such that q ® F(φ) = 0. Then for each c E D(q)-D(φ), there exists a form η x over F such that xq -φ _L η^. Note μ ® ((>>" £))-Pj ® (1, b) G fF(F(φ)/jp), since it contains φ as a subform. So:
The left hand side is also in W(F(ψ)/F), a strong «-Pfister ideal, and thus its kernel is isometric to a sum of multiples of at most k -1 w-fold Pfister forms in W(F(\p)/F). Thus by induction, q J_ -μ((y {9 b)), and hence q is a sum of multiples of w-fold and (n + l)-fold Pfister forms in
W(F(ψ)/F).
(ii) Repeat the argument in (i), with σ replacing q. In Case 1, Pj G W(F(φ)/F) Π P n (F) and pj is a subform of σ. Hence pj | σ, by [5, 2.7] . So take any form p G W(F(φ)/F) Π i^+^i 7 ) such that p λ \ p and p| σ.
In Case 2, let p = p ι ® (1, b). We know pj ± (b) is a neighbor of p and a subform of σ. Thus .F(p) ~FF(p x ± (6»andσ ® ^(p, ± (b)) = 0, by [13, 4.1]. So σ Θ F(p) -0 and p | σ by [5, 1.4] . Also, the argument in (i) showed φ < p 1 ± (b) 9 so φ < p and thus p G W(.F(φ)/F) Π iĈ Proof. We need only show (b) so assume φ is not a neighbor of p. By scaling if necessary, we may assume ψ, and hence φ, represent 1.
W(F(ψ)/F) = pWF is a strong «-Pfister ideal. We wish to apply
the Cassels-Pfister theorem implies that φ is a subform of σ and hence so is ψ. Since ψ is a neighbor of the «-fold Pfister form p, dim ψ > 2 n~ K Thus ψ is a neighbor of σ and p ^ σ ( [13, 7.4] ). Thus φ is a neighbor of p. Contradiction.
Thus Proof. By scaling we may assume φ ^ (1, a, b, x), for some a, b, x E F. The first statement then follows from (1.4) and the second from the Cassels-Pfister theorem.
W(F(φ)/F) for small dimensional φ.
REMARK. Let p be an ^-fold Pfister form over F. Suppose p -ψ ± γ, with dim ψ > dim γ, and φ -ψ_L(x)is anistropic. Further suppose φ is not a neighbor of p. Then, W(F(ψ)/F) is a strong (n + 1)-Pfister ideal by (1.4) . By examining the proof of (1.2) we see that:
where p' is the pure part of p. Thus:
but the inclusion may be strict.
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We wish to examine in detail the structure of W(F(φ)/F) for four dimensional forms:
EXAMPLE. Let φ be conservative and dim φ = 4; we may assume φ ^ (1, a, b, x) . Suppose x Φ ab. Then:
So we may assume t Φ 0. Hence:
In particular:
by (1.5).
Comparing with (1.5), we also have:
φ is conservative iff φ is a conjugate neighbor ffiD((-x 9 ab))&D(((a 9 b))).
To treat 5 and 6 dimensional forms, we need: (F) . By the Cassels-Pfister theorem, φ is similar to a subform of each p t and so the Witt index /(p, ± -p 2 ) > 2" + 1. But i(pj ± -p 2 ) must be a power of 2, by [5, 4.5] . Thus i(p x -L -p 2 ) > 2 Π+1 and hence p! and ρ 2 are linked. COROLLARY 
Let φ be a conservative form of dimension 5. Then either: (a) φ is a neighbor to a Pfister form p and W(F(φ)/F) = pWF is a strong 3-Pfister ideal, or (b) φ is not a Pfister neighbor and W(F(φ)/F) is a strong 4-Pfister ideal.
It is quite possible that a 5 dimensional form φ is not a Pfister neighbor. Indeed φ is a Pfister neighbor if and only if d(φ) E D(φ), by [13, p. 10] . COROLLARY 
Let ψ be a conservative form of dimension 6. Ifφ is not a Pfister neighbor then W(F(φ)/F) is a (4,5}-Pfister ideal.
EXAMPLE. If φ has dimension 6, W(F(φ)/F) need not be a strong Pfister ideal. Since no such example is in the literature, I will work out one in some (but not complete) detail.
Let F = RO, y, z), φ = (1,1, 1, x, y, z), p λ = ((1,1, x 9 y 9 z)) and p 2 = ((1,1, x, y -1, z -jt)). By considering an ordering for which z > y > x > 1, one sees that ρ λ and p 2 are anisotropic. A simple computation shows φ < Pi and φ < p 2 , while a more tedious one shows p x and p 2 are not linked. Let ψ = ker(pj JL -p 2 
) E W(F(φ)/F).
Fix an ordering αonf with x infinitely large positive, y infinitely small positive and z infinitely larger than x.
Claim. There does not exist σ E W(F(φ)/F) Γ) P 4 (F) such that sgn α σ = 16.
We first note that (1,1,1, x, y) is not a Pfister neighbor -otherwise xy E D((l, 1,1, x 9 >>)) and (1,1,1, X)±>>(1, -x) is isotropic, which is impossible. Thus if there is a σ invalidating the claim, the proof of (1.2) shows we may write σ ^ ( (1, ψ ^± a^i 9 with μ, G W( F(φ)/F) Π P(F) and β,. G F.
Since dim ψ = 48 we have three cases: (i) Some μ / GP 3 (F): Then φ is a Pfister neighbor and there exists a σ G W(F(φ)/F) Π P 4 (F) such that σ | p λ . Since sgn α p! = 32, sgn α σ = 16. Contradiction.
(ii) Some/X; G P 5 (F): Then ψ ^ fljjti! ± a 2 μ 2 , with μ t G P 5 (F) and μ 2 G P 4 (F). But deg ψ = 5 while deg(α 1 μ 1 ± a 2 μ 2 ) ~ ^ which again is a contradiction.
Then ψ ^ α^! -L α 2 μ 2 -L α 3 μ 3 , with μ z G PΓ(F(φ)/F) Π P 4 (F). Now sgn α ψ = 32, as sgn α p! = 32 and sgn α ρ 2 = 0. Thus at least one μ z has α-signature 16, contradicting the claim.
Thus
It is worth noting that W(F(φ)/F) does however contain 4-fold Pfister forms. For example, 0τ
We can show W(F(φ)/F) is a strong Pfister ideal in some cases. COROLLARY 
Let φ be a conservative form of dimension 6 which is not a Pfister neighbor. If φ contains a four dimensional subform of determinant 1, then W(F(φ)/F) is a strong 4-Pfister ideal.
Proof. Write φ ^ ψ _L (a, b), with dimψ = 4 and έ/(ψ) = 1. If c E Z>(ψ), then cψ E P 2 {F). So we may assume φ^pl(x, 3;), where p E P 2 (F) and x j G F. Now p_L(;c) is a neighbor to p®(l, JC), so W(F(φ)/F) is a strong 4-Pfister ideal by (1.4).
3. Conservative and embeddable forms. In [12] , Gentile and Shapiro raised the question whether a conservative form φ over F must be embeddable. They showed the answer was yes, if dim φ < 5 or if u(F) < 24 ([12, Corollaries 8 and 19] ). The results of Section 2 can be used to improve these bounds. As an immediate consequence of (2.3) we have:
COROLLARY 3A.Let dimφ < 6. Then φ is conservative iff φ is embeddable. PROPOSITION 
Let φ be a conservative form over F which is not a Pfister neighbor and such that
Proof. We first note that for (b) we need only show the equation holds for some σ E GP 4 (F). Namely then q = ap ± q x , where a E F, p E P 4 with each a^F and σ z E Π P 4 (F), by (2.2). In particular, (a) holds. Now write: This contradicts the minimality of n and proves (b) for this case. 
. // F is 5-linked then for all conservative φ over i% W(F(φ)/F) is a Pfister ideal.

Proof. Let q E W(F(φ)/F);
we may write q = a λ p x -L ^j with «j E F, Pl E ^(F(φ)/F) Π P 4 (F) and ? COROLLARY 
Suppose φ is a conservative form over F that is not embeddable. Then W(F(φ)/F)
Proof. Clearly φ is not a Pfister neighbor, and dim φ > 7 by (3.1). The result then follows from (3.2) since W(F(φ)/F) Π P 4 (F) = 0.
In [9] it was shown that if q E W(F(φ)/F) then 2 n q E W(F(φ)/F) Pf , where n -dim q. Thus if φ is conservative but not embeddable then W(F(ψ)/F) C W t F(see also [12]).
Hence we have: COROLLARY 
Suppose I 5 F is torsion-free. Then a form φ over F is conservative if and only if it is embeddable.
In particular, if tr.d. R (F) < 4, then φ is conservative if and only if it is embeddable. COROLLARY 
Suppose ψ is a conservative form over F that is not embeddable. If q E W(F(φ)/F) is non-zero, then dim q > 48.
In particular, if u(F) < 48, then a form over F is conservative if and only if it is embeddable.
Proof. We may assume q is anisotropic. By (3.4), q E I 
Witt kernels over fields of finite Hasse number. As was done in [11]
, for an anisotropic form q we define N(q) to be dim q -q άcgq . LEMMA 
Suppose φ £ GP(F) and q is an anisotropic form with q E W(F(φ)/F). Then, (i)2 deg «>dimφ; (ii) ifN(q)<2 dimφ then q E GP(F).
Proof, (i) follows from
E W(F(φ)/F) Π P(F).
Then for some /, deg p f . < deg q and the Cassels-Pfister theorem then implies φ is a Pfister neighbor.
We next recall a definition due to Knebusch, Rosenberg and Ware (cf. [14, 1.2]) which will be used frequently in this section: DEFINITION. We say F satisfies the Strong Approximation Property (SAP) if for every clopen S C X F there exists ane6F such that e > 0 on S and e < 0 outside of S.
The following lemma is well-known.
Proof. Let p λ ,p 2 E: P n {F). Then for any ordering a on F 9
|sgn α (p, JL -p 2 )| = dimp, orO.
In particular, p x _L -p 2 is indefinite. Hence dim(ker(p] ± -p 2 )) -2 Λ and the Witt index /(pj ± -p 2 ) > 2""" 1 . Then, p 1 and p 2 are linked, by [5, 4.4] . For the second statement, F is ^-linked, so stably linked (cf. [6] ) and hence F is SAP by [6, 3.5] . LEMMA 
Let q E W(F(φ)/F). If φ is indefinite at a E X F9 then
Proof. Since φ is indefinite at α, a extends to F(φ) ([9, 3.5]). Since PROPOSITION 
Suppose u(F) <2
n , and φ w α conservative indefinite form over F. Then:
/Ae« φ w tf Pfister neighbor. In particular, W(F(φ)/F) is a strong n-Pfister ideal.
(ii) If2
/A^/i eiϊΛer: (a) φ is a Pfister neighbor and W(F(φ)/F) is a strong (n -\)-Pfister ideal, or (b) φ is not a Pfister neighbor and every non-zero anistropίc q E W(F(φ)/F) is in GP n (F). In particular, W(F(φ)/F) is a strong n-Pfister ideal.
Proof. Let 0 Φ q E W(F(φ)/F) be anistropic. By (4.3) sgn α q = 0 for all a E X F9 so by Pfister's Local-Global Principle q is torsion. Thus dim q < 2\ (i) Here dim q < 2 dim φ and so q E GP n (F) by (4.1). In particular, φ is a Pfister neighbor.
(ii) Part (a) is known so suppose φ is not a Pfister neighbor. By (4.1), 2 de^> dimφ>2"- 
. Let S be a non-empty clopen subset of X F such that S C {a | φ is (positive) definite at a). Then there exists p G W(F(φ)/F) ΠP m+1 (F) such that p is definite at a iff a G S.
(ii) // dim φ -2 m + 1, m>«, then φ is a Pfister neighbor.
Proof. In part (ii) let S -{a | φ is definite at a}. S is clopen since S -Φ^({dimφ}), where φ: X F -*Z is the continuous function αŝ gn α (φ).
For both parts (i) and (ii) there is an e G F such that e > a 0 iff a G S, since Fis SAP. Set p = 2 W (1, e>. For α G X F then:
In (i), I sgn α φ | < dim φ < 2 m < dim p -dim φ. In (ii), if e < a 0, | sgn α φ | < dim φ -2 = 2 m -1 = dim p -dim φ. Thus in both cases
Set ψ = ker(p ± -φ). Suppose dim ψ > dim p -dim φ. Then ψ is indefinite. In (i), this forces dim ψ < 2 n < 2 W < dim p -dim φ, and in (ii), since dim ψ is odd, dim ψ < 2 n -1 < dim p -dim φ. In both cases we get a contradiction. So dim ψ < dim p -dim φ. In particular, the Witt index i(p _L -φ) >: dim ψ. Thus φ is a subform of p. Proof. We may assume 1 G D(φ). We may also assume φ is not indefinite and, in particular, that F is formally real, by (4.4). Case (i) is known so assume φ is not a Pfister neighbor.
Let 0 Φ q G W(F(φ)/F) be anisotropic. We will show q is isometric to a sum of multiples of (m + l)-fold Pfister forms in W(F(φ)/F) by induction on dim q. a Pfister neighbor, contrary to our assumption. Thus degq>m+ 1. Since dim q < 2 m+1 we obtain q G GP m+λ {F).
Case 2. aim q>2 m+λ \
Set S ι = {a G JT F | sgn α # ^ 0} and 5 2 = {α G 5, | sgn α # > 0}. Both S x and S 2 are clopen, S λ is non-empty (as dim q> u(F)) and 5Ί C (α | φ is (positive) definite at a] by (4.3). Thus there is an e 2 such that e 2 >« 0 iff a G S 29 since Fis SAP (set e 2 = -1 if S 2 φ 0), and a p G WFίi^φJ/F) Π P m+1 (F) such that p is definite at a iff α G S l9 by (4.5).
Set ^ = ker(e 2 q _L -p). Let a G A^. Then:
Thus for each a G Λ^, 2 -dim p < sgn α q λ < dim ^ -dim p that is:
. Applying the argument in Case 1 to q } (instead of q) we see that dim^j >2 m+1 > 2". Hence, the largest term on the right in (*) must be dimg -2 W+1 . So dim^ <dim^-2 m+1 .
m+1 , ^2^ ^ p ± ήf, and ήr ^ ^2p ± ^ή^. Lastly, e 2 q ] G and dim q x < dim ^, so we are done by induction.
REMARK. Case (ii) of Theorem 4.6 can occur. Consider φ = (1,1,1,1,1,7) over F = Q. Since φ is not indefinite, φ is conservativenamely ( (1,1,1,1,1,7) ) G W(F(φ)/F). If φ were a Pfister neighbor of some p E P(F), then since 5(l)<φ<p, ρ-8 (l) ( [5, 2.7] ). Thus 7 G D{{\, 1,1)), a contradiction. Hence φ is a conservative non-Pfister neighbor while ύ(F) = 4 and dimφ = 6. However we do have: Proof. We may assume 1 Gΰ(φ). Only (ii) is new and here φ _L (1) is anisotropic since <p is not indefinite. Part (i) implies φ _L (1) is a Pfister neighbor, and hence φ is a conjugate neighbor.
We now consider the forms φ over F with ύ(F) < 2" and 2 n~2 < dim φ < 2 n '
x . This requires two lemmas, the first of which is well-known:
Proof. We may assume F is real. Let s = st(F) be the reduced stability index as defined by Brδcker in [3] . SAP fields have s -1 ( [7] ) so: < 2dimφ. (4.1) then implies q G GP n _ λ (F) and so φ is a Pfister neighbor by the Cassels-Pfister theorem. Now suppose dim q > 2 n \ q is thus not indefinite. Set S -[a E X F \ q is (positive) definite at a}. S is non-empty and clopen in X F . Using (4.3) and (4.5) we obtain apG W(F(φ)/F) Π P n + λ (F) such that p is definite at p iff α E 5.
For a G X F :
And if a ξ£ 5, then | sgn ft ^, | < dim q for all α G X F .
If dim (7, > dim ^, then ^j is indefinite and of dimension greater than T\ which is impossible. So dimgj<dimg. By [13, 6.4 
We may assume φ is not indefinite and, in particular, that F is real, by (4.3). We may also assume 1 E D(φ). Let S = {a E X F \ φ is (positive) definite at a). S is non-empty and clopen in X F . There is then a (n + I) = fold Pfister form p E W^i^φ)// 7 ) such that p is definite at a iff α E 5. Using (4.3) we see that for all a E X F : 0, if α ξ£ S.
So I sgn ft (σ _L -p) | < dim σ -dim p. For all a E A^. Since dim σ -dim p > 2", dim(ker(σ _L -p)) < dim σ -dim p. Thus p < σ and p | σ by [5, 2.7] .
REMARK. The result of (4.4)(ii) for non-real fields is stronger than the corresponding result (4.10) for real fields, namely for real fields we no longer have that W(F(φ)/F) is a strong Pfister ideal. To see why this occurs we observe that W(F(φ)/F) is a strong rc-Pfister ideal iff there exists a p E W(F(φ)/F) Π P n (F) such that sgn α p = 0 precisely when φ is indefinite at α. This condition holds trivially if F is non-real (take p = 2"-1 <l,-l». To verify the observation, we first note that by (4.2) and [10, 3. Lastly we can imporve (3.3). COROLLARY 
Let ύ(F) < 32 and φ a conservative form over F which is not a Pfister neighbor. Then W(F(φ)/F) is a:
(1) (2) Proof. All but (4) have been done previously, so assume dim φ = 7 or 8. The proof of (3.3) shows W(F(φ)/F) is a (4,5,...}-Pfister ideal, while the second paragraph of the proof of (4.10) shows W(F(φ)/F) is a (4,5,6}-Pfisterideal.
